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It is well known that every tournament has a directed Hamiltonian path. A 
similar result is established concerning the existence of antidirected Hamiltonian 
paths in tournaments. 
1. INTRODUCTION 
A simple path or circuit in a directed graph is said to be antidirected 
if every two adjacent edges of the path have opposing orientations, in 
other words, if no two consecutive edges of the path form a directed path. 
A path or circuit P in a (directed) graph G is called Hamiltonian provided 
P is simple and contains all the vertices of G. An n-tournament is an 
oriented complete graph with n vertices. For n = 3, 5, or 7, let Tc(n) be 
the n-tournament defined as follows: If Vi and V, are vertices then T”(n) 
contains the edge directed from Vi to Vj if and only if 
i-j= l(mod3), if n=3, 
i-j= 1 or2(mod5), if n=5, 
i - j = 1,2, or 4 (mod 7) if n = 7. 
The graphs Tc(n), n = 3, 5,7, are shown in Figure 1. 
Our result is the following 
THEOREM. Except for T”(3), T”(5), and T”(7), every tournament contains 
an antidirected Hamiltonian path. 
We shall prove the theorem in Section 2, devoting Section 3 to some 
remarks, problems, and conjectures. 
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The author is indebted to the referee and to Professors J. W. Moon and 
Moshe Rosenfeld for helpful remarks which eliminated certain errors 
present in an earlier version of the paper. 
Our proof will be by induction on the number of vertices of the 
tournament. Since the tournaments with at most 6 vertices have been 
enumerated [3,5], the theorem may be proved for such tournaments by 
inspection, thus anchoring the induction. Actually, our inductive proof 
covers all tournaments with 6 or more vertices, so that the only proofs by 
inspection we need deal with tournaments having at most 5 vertices. 
This task is left to the reader. 
FIGURE I 
2. PROOF OF THE THEOREM 
We find it convenient to introduce now some notation. In general, 
we will denote by T(n + 1) a tournament with vertices 0, l,..., n, and by 
T(n) its subtournament with vertices l,..., n. To describe the edge leading 
from the vertex i to the vertex j we shall write i + j or j c i; similarly, 
paths will be designated by listing their vertices and the orientations of 
the edges between them. For example, assuming that the indicated edges 
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belong to T(n), for odd 12 an antidirected Hamiltonian path for T(n) is 
given by 
1+2+3-+...+(n-1)tn. 
We shall start now the inductive proof of the theorem, assuming IZ > 4 
and the theorem valid for all tournaments with at most n vertices. We are 
given a T(n + 1) in which we wish to find an antidirected Hamiltonian 
path; our procedure depends on the parity of n. 
Case 1. n is odd. If n = 5 and T(n) is T”(5) then, without loss of 
generality, we may assume that 0 -+ 1 and 0 + 2 are edges of the given 
T(6) (see Fig. 2), and an antidirected Hamiltonian path for T(6) is 
2+-O-+1+-4-+5+3. 
FIGURE 2 
If n = 7 and T(n) is P(7) then we may analogously assume that 0 -+ 1 
and 0 + 2 are edges of the given T(8), and an antidirected Hamiltonian 
path for T(8) is 
2cO-+1+--6+7+3+5+-4. 
If T(n) is neither P(5) nor P(7) then, by the inductive assumption, 
T(n) has an antidirected Hamiltonian path H,, . Without loss of generality 
we may assume that H,, is 
l-+2+-3-+***+(n- 1)+--n, 
and that n -+ 1 is in T(n). Now, if 0 c 1 is in T(n + l), its union with 
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H,, is an antidirected Hamiltonian path for T(n + 1). If not, then 0 ---t 1 
is in r(n + l), and 
is an antidirected Hamiltonian path as desired. 
Case 2. n is even and n > 6. The subtournament T(n) may now be 
assumed to contain the antidirected Hamiltonian path 
H, : 1 + 2 t 3 ---t 4 t ... c (n - 1) + n. 
If T(n) contains the edge 1 + n we shall denote by H the antidirected 
Hamiltonian circuit of T(n) determined by H,, and 1 + n. If T(n) contains 
the edge n ---f 1, we shall say that T(n) is asymmetric and we shall indicate 
by A the (not antidirected) Hamiltonian circuit 
of T(n) determined by n + 1 and H,, . We shall complete the proof by 
showing that the assumption that T(n + 1) has no antidirected 
Hamiltonian paths leads to a contradiction. We need the following: 
LEMMA. If T(n + 1) has no antidirected Hamiltonian path but T(n) 
is asymmetric and contains the circuit A, then T(n + 1) contains the edges 
0 + 1, 2 --f 0, n --+ 0, 0 --t (n - l), 1 + (n - l), 2 + n, 1 --f 3, and 
(n - 2) -+ n. 
Proof of the Lemma. If T(n + 1) were to contain the edge 0 +- 1, 
putting it before H,, would yield an antidirected Hamiltonian path of 
T(n + 1); hence 0 + 1 is in T(n + 1). If 0 + 2 were in T(n + l), then 
would be an antidirected Hamiltonian path; hence 2 + 0. Analogous 
reasoning proves n -+ 0 and 0 ---f (n - 1). If we had (n - 1) + 1, then 
T(n + 1) would possess the antidirected Hamiltonian path 
2+3-+4+... + (n - 2) t (n - 1) + 1 c n -+ 0. 
Similarly we prove 2 + n. If we had 3 + 1 then 
lc3-t4c5~...c(n-l)~nt2-t0 
would be an antidirected Hamiltonian path for T(n + 1). Therefore 1 - 3. 
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Similarly we may prove (n - 2) + n, and thus complete the proof of 
the lemma. 
Returning to the proof of the theorem, we shall first assume that the 
subtournament T(n) of T(n + 1) has an antidirected Hamiltonian circuit 
H: 1+2+--3-+4c~~~ +(n-2)t(n- l)+nc 1. 
Then we must have 0 + i for each odd i, and 0 +- j for each even j, since 
otherwise T(n + 1) would contain an antidirected Hamiltonian path. 
We assume, without loss of generality, that the edge between 1 and 
n - 1 is (n - 1) -+ 1, and consider the n-tournament T*(n) obtained 
from T(n + 1) by omitting the vertex n. T*(n) is asymmetric and contains 
the circuit 
hence, by the lemma applied to T*(n), T(n + 1) contains the edges n -+ 3, 
2 -+ n, and 4 + 2. Similarly, considering 
3+4c5-e.. +(n-2)+(n-l)-tnt2+0+3, 
we see that T(n + 1) contains 1 +3, 4+1, and 3-5. Thus the 
assumption that T(n + 1) contains (n - 1) + 1 implies the existence of 
n + 3, 1 --f 3, 4 + 2, and 4 + 1. Due to the symmetry of the graph, 
1 ---f 3 in its turn implies 2 -+ 5, 3 + 5, 6 -+ 4, and 6 -+ 3, etc. In short, 
T(n + 1) contains all the edges (2i - 1) + (2i + l), (2i + 1) -+ (2i), 
(2i) -+ (2i + 3), and (2i) + (2i - 3), where all integers should be reduced 
to 1, 2,..., n mod n. As is easily checked, if n = 6 then these conditions 
characterize a tournament isomorphic to P(7). If n = 0 (mod 4) then 
- (n - 3) 2 n + (n - 2) c (n - 1) % 1 
is an antidirected Hamiltonian path for T(n + 1). (Here and in the paths 
below, note the four-vertex pattern indicated by the asterisks.) If n E 2 
(mod 4) and if (n - 1) -+ 3 is an edge then 
c (n - 6)s (n - 3) t (n - 5) --t (n - 4) c (n - 2) r 0 
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is a Hamiltonian path in T(n + 1); if n >, 10 and n = 2 (mod 4), and if 
3 -+ (n - 1) is an edge, then such a path is given by 
4-+0~8+6+--7+9~12+... 
--f (n - 5) 2 (n - 2) -+(n-4)c(n-3)+(n-l)r3 
-+5+2--+n+l. 
This completes the proof in case T(n) has an antidirected Hamiltonian 
circuit. 
There remains the case in which no n-subtournament of T(n + 1) 
contains an antidirected Hamiltonian circuit. Then T(n) is asymmetric 
and contains 
A = A(O) : 1 + 2 +- 3 --f 4 +- *.. +- (n - 1) + n -+ 1; 
but T(n + 1) contains also the edges listed in the lemma. Therefore, using 
the absence of antidirected Hamiltonian circuits in T(n), it follows that 
T(n + 1) contains also the circuit 
A(1) : 3 + 4 c 5 + 6 c ... c (n - 1) + n c 2 -+ 0 + 3. 
Now, A(1) is a circuit isomorphic to A(0); hence the analog of the lemma 
applies and leads to the existence of the edges 4 -+ 1, 4 + 0, 1 -+ 5, etc. 
Repetitions of this argument lead, one after the other, to the circuits 
A(3) : 5 --f 6 c 7 --f ~+~+nc2+Oc4--+1-+5 
A(5) : 7 -+ 8 +- . ..c4-+1+6+3+7 
A(n-3):(n-l)~n+2+O+-4-+1~6-+3c~~~c(n-2) 
+ (n - 5) ---f (n - 1) 
A(n-l):2-+Oc4-+1c~~~c(n-2)-+(n-5)+-n 
+ (n - 3) + 2 
A(2):4+1t6+3+ ~~~cn+(n-3)+O-+(n-l)--t4 
A(4) : 6 + 3 c -..tO--+(n-1)c1+2-+6 
A(n):0-t(n-1)+1+2t~~~+(n-33)--+(n-2)-+0 
It follows that our information may be equivalently formulated by 
saying: T(n + 1) contains the directed Hamiltonian circuit 
C:O+1+3+5-+7-+~~~+(n-1) 
-+2-+4-+6+8+~~~--+n+O, 
ANTIDIRECTED HAMILTONIAN PATHS IN TOURNAMENTS 255 
and all the positively oriented diagonals of C of lengths 2, $n - 1, and $n 
(see Fig. 3 for n = 10). Now, if n = 8 this completely determines the 
structure of T(9), and it is easy to find in it an antidirected Hamiltonian 
path. Hence we may assume n 3 10; our proof shall be completed by 
establishing the following two facts: 
0 
6 5 
2 . 9 
FIGURE 3 
(A) T(n + 1) may not contain two neighboring negatively oriented 
diagonals of C of length 3. 
(B) T(n + 1) may not contain two maximally distant positively 
oriented diagonals of C of length 3. 
Indeed, from (A) it follows that there is some positively oriented 
diagonal of C of length 3; due to the symmetry of C we may without loss 
of generality assume that this is the edge 1 -+ 7. Then (B) implies that 
both diagonals of C of length 3 that are at maximal distance from 1 + 7 
are negatively oriented, that is, we have 8 ---f 2 and 10 -+ 4-in contra- 
diction to (A). 
Turning to the proof of (A) we note that, if we have two such diagonals, 
we may assume them to be n c 3 and (n - 2) t 1. Then an antidirected 
Hamiltonian circuit of the n-tournament T(n) is given by 
3 -+ 4 c 5 -+ 6 +- *** -+ (n - 4) t (n - 3) --f (n - 2) c 1 
-+2t(n-l)+nt3, 
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contradicting the assumption that no n-subtournament of T(n + 1) 
contains such a circuit. Thus (A) is established. 
In order to prove (B) we assume, without loss of generality, that the two 
diagonals of C are 1 -+ 7 and 4 -+ 10. Then T(n + 1) contains the 
antidirected Hamiltonian path 
9c5+7+-l--+3+6--+8+-4-+10+11-+12+13+14 + . . . 
c(n- l)+nc2+0, 
again contradicting the assumptions. 
This completes the proof of (B), and with it also the proof of the 
theorem. 
3. REMARKS AND PROBLEMS 
The theorem of the present note is analogous to the theorem of D. Kiinig 
and P. Veress (see RBdei [6]) on the existence of a directed Hamiltonian 
path in every tournament, and to the author’s result (see Harary [4]) that, 
but for two exceptions, every n-tournament (with n >, 3) contains a 
directed Hamiltonian path which is not part of a directed Hamiltonian 
circuit. However, the proof given above is much more complicated than 
the proofs of the two results on directed paths. 
It is easy to check that the 4-tournament of Figure 4 has no antidirected 
FIGURE 4 
Hamiltonian circuits. In analogy to our theorem we conjecture that, for 
all even n > 10, each T(n) has an antidirected Hamiltonian circuit. If true, 
this result is best possible: there is no antidirected Hamiltonian circuit 
in the tourament with 6 or 8 vertices obtained from TC(5) or T”(7) by 
adding a vertex toward which all the edges are oriented. 
It has been proved by Rtdei [6] (see also Szele [8], Moon [5, p. 211) that 
each tournament has an odd number of directed Hamiltonian paths. 
We conjecture that, for n > 10, the number of distinct antidirected 
Hamiltonian paths in each T(n) is congruent to 2 (mod 4). 
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More generally, it is to be expected that many results on directed paths 
or circuits in tournaments, or indirected graphs, have antidirected analogs. 
For example, it would be interesting to investigate the antidirected 
counterpart of the Gallai-Milgram [2] theorem that the minimal number 
of edge-disjoint, directed simple paths needed to cover a directed graph 
does not exceed the number of vertices in a maximal independent set. 
Another challenging problem is the finding of the antidirected analog of 
the theorem of Roy [7] and Gallai [l] that the vertices of a directed graph 
G are k-colorable provided no directed simple path in G contains more 
than k vertices. 
On the other hand, since it is easy to extend the notion of anti- 
directedness from paths (or circuits) to trees (or forests) or to arbitrary 
graphs, additional types of problems arise naturally. For example, what 
may be said concerning the number of antidirected trees, or forests, or 
graphs, needed to span, or to cover, given graphs of specified types? 
No non-trivial results seem to be known concerning those questions. 
Added in proof (September 14, 1971): A simplified proof of the Theorem of the 
present note has been found by M. Rosenfeld (see his paper “Antidirected Hamiltonian 
Paths in Tournaments,” which will appear in this Journal). Additional results on 
antidirected and other Hamiltonian paths in tournaments were obtained by R. W. 
Forcade (“Hamiltonian Paths in Tournaments,” Ph. D. Thesis, University of Washing- 
ton 1971). 
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